NONLINEAR STOCHASTIC HOMOGENIZATION IN 
ORLICZ SPACES AND APPLICATIONS 
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^ ' 1. Introduction 

I In this work, we are interested in the stochastic homogenization of integral 

I functionals defined in Orlicz-Sobolev spaces. We present a general version of 

p ^'1 nonlinear stochastic homogenization in these spaces and apply the general 

, versions to homogenization problems in random media. In particular, we 

. introduce a notion of F— convergence in Orlicz-Sobolev spaces and we show 

. the compactness of a class J- of integral functionals with respect to this 

, ^ convergence. To guarantee that the F— limit is a measure, one has to give 

a criterion called fundamental estimate which the class of functionals must 

J> ' satisfy. For classical L^— spaces, such estimate was introduced by DeGiorgi 

I and further developed by Dal Maso, Modica, Braides. A distance function is 

I also defined as a metric so that the family of minimizers of these functionals 

I is continuous with respect to this metric. Using results of ergodic theory, 

i we prove a stochastic theorem concerning the limit of minimizers, which is 

T-H . an extension of [10]. Finally, we apply the theorem to homogenization over 

. a class of partial differential equations defined in Orlicz spaces. A technique 

^ ■ of such homogenization problems has been developed in |18j . We improve 

■ these methods using continuum percolation models. We also mention the 



possible improvement of existing results on homogenization of p— Laplace 
type equations [3]. 

The paper is organized as follows. 

I Basic properties of Orlicz Spaces, embedding theorems and continuity 

of nonlinear superposition (Nemytskii) operators. 
II Integral functionals in Orlicz spaces, lower semicontinuity and existence 
of minimizers. 
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III F— convergence, integral representation, uniform estimates and com- 
pactness of F— limits. 

IV Random functionals and ergodic theory. 

V Application of ergodic theorem to homogenization of equations with 
generalized growth conditions. Discussion on improvement of results for 
equations defined in Sobolev spaces with variable exponent (p— Laplace 
equations). 

2. Preliminaries 
A function $ is called a Young function if it admits the presentation 

^{u) = I (f){t)dt 
Jo 

where (l){t), t > satisfies 

(1) ^(0)=0 

(2) (t){t) > for ah i > 

(3) (f) is nondecreasing, right continuous 

(4) lim (p{t) = oo 

t—>oo 

(5) U(^{u) < a^{u) for a > 1 and for all n > 

The function $ is called an N— function. We say that $ satisfies the 
A2— condition (or has the doubling property) if there exists A; > 0, and I > 
such that 

$(2'u) < k^{u) 

for all u> I. 

Then $ is nonnegative, continuous, strictly increasing, convex function 
on [0, 00). The complementary function * to $ is defined by the formula 

^(v) = max[uv — ^{u)] 

The following Young's inequality holds: 

Let be an open subset of M". Wc define the Orlicz class L$(r2) as the 
set of all measurable functions u such that 

p{u,^,Q) = / ^{\u{x)\)dx < 00 
Jn 
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By Young's inequality, the norm 



|M|||<i>,n = sup 

p{v,<s>,n)<i 



u{x)v{x)dx 



is well defined in L^{Q). If both <I>, \I' satisfy the A2— condition, then the 
class L$(f7) equipped with either the previous norm or the Luxenburg norm 

||u||<i,f^=inf|A>0: / dx<l 



.A 

is a reflexive Banach space that we will denote by L$(il). For u € L$(il), 
V E L,i((il), the following Holder inequality holds: 

/ uvdx < ||n||<i>,Q||i;||,t,Q 
Jn 

Also, 

(2.1) ||n||$,f7 <p(u,$,ri) + l 
and if < 1, 

(2.2) p{u,^,Q)<\\uU,n 

We say that the sequence ti„ € L$ converges in the mean to u provided 

p{un - n, <I>,r2) ^0 

as n — )• 00. If the A2 condition holds, the convergence in the mean is 
equivalent to the convergence in norm. 

2.1. Orlicz-Sobolev spaces. Consider the space of smooth functions C^{Q) 
endowed with the norm 

\\u\\\ Q = max{||L>°n||$,n} 

|a|<l 

The Orlicz-Sobolev space iyj,(il) is defined as the closure of (7^(0) with 
respect to this norm. The closure of C^{Q) to this norm is denoted by 
Wq^{Q) and is a subspace of W^{Q). The following embedding theorem 
holds [12j: if is a bounded domain in with smooth boundary, the 
embedding of W^{Q) into L^{Q) is compact and 

Ihll'i'.Q < C'll-Dnll.j.^Q 

for ah u G W^^iQ). 
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Notation. For two Young functions Q, P, we will use the symbol P ~<~< Q 
when Q grows more rapidly than P near infinity, i.e. for all 6 > 0, 

UmZW =0 

t^oo Q{6t) 

Lemma 1 ( [15], [5]). Let Q be an open subset of M" of finite measure 
and let <I>,P be Young functions satisfying the A2 condition. Suppose that 
g : Q xM is a Caratheodory function such that 

P{\g{x,s)\)<k,^\s\) 

for some constant ki. Then the Nemytskii operator Tg[u){x) = g{x,u{x)) is 
strongly continuous from L^{Q) to Lp{Q). 

For the proof we need the following theorem. 

Theorem 1. Suppose $ G A2 and Q C M". Ifun^uin L$(rj) there exists 
a subsequence Un^. and h € such that 

Uuf, u a.e. infl 

and 

\unk \ — ^ '^•6- in^ 
The proof of theorem 1 is a modification of theorem 2.3 in [3]. 

Proof of Lemma 1. The map u g{',u) is well defined from L<j>(0) to 
Lp($7). From theorem 1 and the continuity of g in u, for a sequence Un ^ u 
in L$(il) we have 

g{-,Un) g{:,u) a.e. in VL 

and 

\un\ < h a.e. in 
for all n G N and h G L^{Vt). The continuity of P gives 

P{\g{;Un)\)^P{\g{;u)\) a.e. Q 

Then 

P{\g{-.Un)\)<ki^{\Un\)<kM\h\) 

with ^>(|/i|) G Li(fi). Thus, the Dominated convergence theorem says that 

P{\g{.,Un)\)^ [ PM;U)\) 

which implies that g{-,Un) — > g{--,u) for any Un ^ u. □ 



NONLINEAR STOCHASTIC HOMOGENIZATION IN ORLICZ SPACES 5 

Lemma 2 ( [lj,8.23). Suppose P, Q are Young functions with P -<~< Q. 
Then, any bounded subset of Lq{Q,) which is precompact in L^{Q,) is also 
precompact in Lp{Q). 

-1 ,T.-i 



Theorem 2 ( [1],8.32). Suppose C has the cone property and / ^n{n+i) ^ 
oo and J ^n{n+i) d-t = oo. Consider the Young function defined by 

Then for any B ^>*, the embedding W^{Q,) — ?> Lb{^) is compact. 

3. Integral functionals in Orlicz Spaces 

Let / : n X M be a function such that 

• f{x, •) is continuous a.e. x G 

• f{-,p) is measurable for every p G M" 

We assume that 

(3.1) f is convex in p; 
and that there are constants Cpcj > so that 

(3.2) c}^>(|p|) < f{x,p) < cj{l + ^i\p\)) for all {x,p) G R" x 



Let also (5r:r2xM— >Mbea function that is lower semicontinuous in 
le second vai 
bg{x) G L\n), 



the second variable and assume that for some constant Cg > and some 



(3.3) g{x,u) > CgB{\u\) - bg{x) 

where B We denote by J-" = T{cj,cj,^) the class of functionals 

F : L$(R") X ^ M such that 



(3.4) 



F{u,n)= [ f{x,Du{x)) dx for sdlu £Wl{n) 
Jn 



where / is previously defined. 
Let 

G{u,Q) = F{u,n) + I g{x,u{x))dx 



n 
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Proposition 1. The functional F{u, $7) is lower semicontinuous in the weak 
topology ofW^{Q,), that is, if Un ^ u weakly in W^{Q,), then 

F(u, n) < liminf Q,) 

n->oo 

Proof. Let Vn be a sequence converging to v in L$(0) so that lim„-^c>o F{vm ^) 
exists. Prom the definition of the norm in L$ and Fatou's lemma, 

! $(^)dx<l 

Jo. \m 



Hence, 



/ liminf$(^^^^ — %)dx<l 

Jn "-^oo \\Vn - v\\ 



The continuity of $ imphes that 



nm ini(- 



n->-oo m„ — v\ 



< liminf -) < oo a.e. 

n->-oo Wvr, — v\\ 



so that 



hmmi(-r -) < oo a.e. 

n-^oo \\vn — v\\ 



Then, there exists a subsequence, still denoted by Vn, such that Vn ^ v a.e. 
Assume that — v|| < 1/2. The convexity of $ shows that 

/X /ii u Vn — V , ,, 
^{Vn) = $ \\Vn - v\\j. ^ + (1 - \\Vn - V 



Vr,. -v\\ 1 - ll^^n - V\ 



< \\Vn - V\\^ f ,,''" + (1 - ||t;„ - V\\) $ f : 



Vn - V 



Then, 

(3.5) / HVn)dx < \\Vn - V\\ + {1 - \\Vn - V\\) [ $(- -)dx 

If in addition we choose m such that ||f || < 2™, the A2— condition reads 
#( -) < ^(2v) < k^(v) 

1 - \\Vn - V\\ 

and 

/ ^{v)dx = / $(||f |||7^)dx 
Jn Jn 

< [ $(2"*^)dx < A;'" / Hi^)dx < A;"* < 00 
Jn \\v\] Jn \M 

From the Dominated convergence theorem, 

lim / ir)dx = / ^(v)dx 



NONLINEAR STOCHASTIC HOMOGENIZATION IN ORLICZ SPACES 7 

SO that (3.4) gives 

limsup / ^{vn)dx < / ^{v)dx 

Using again Fatou's lemma, 

/ ^(vn)dx < liminf / ^{vn)dx 
Jn Jn 

so that 

/ ^{vn)dx / ^{v)dx 
Jn Jn 

Since f{x, •) and $ are continuous, 

hm if{x,Vn) - c}$K)) = f{x,v) - c)^{v) 

and 

/ f{x,v)dx< hm f(x,Vn)dx 
Jn 

Thus, the functional / f{x,v)dx is lower semicontinuous in L$(J7) which 
Jn 

implies that F{u,Q) is lower semicontinuous in W^{Q,), since if Vn ^ v in 
Wl{n), then Dvn Dv in L$(0). □ 

Proposition 2. The functional / ujdx is sequentially lower semicon- 

Jn 

tinuous in W^{Q,). 

Proof. Suppose Un ^ u weak W^{Q,). Then {un} is bounded and up to a 
subsequence it converges strongly to u in Lb{^), due to theorem 2. Us- 
ing proposition 1 with g instead of /, we obtain that / g{x, u)dx is lower 

Jn 

semicontinuous on L^{Q). This implies the needed result. □ 

Theorem 3. Suppose X is a nonempty, weakly closed subset of W^{Q.). 
Then the functional 



G{u,n) = F{u,n) + / g{x,u) dx 
Jn 



has a minimum over all u E X. 

Proof. Let xx be the indicator function of X, which is weakly lower semi- 
continuous in W^{Q,). Then the minimization problem can be written in the 
equivalent form 



min {F{u,il)+ / g{x,u) dx + xx{u)) 
uewlin) Jn 
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Then, 

F{u, il) + / g{x, u) dx + XX > cZ{u) — b 
Jn 

holds for some positive constants c,b with Z(u) = J^^{u) dx which is 
sequentiahy coercive in W^{Q). The reason is that if ||ii|| < 1 then Z{u) < 
\\u\\ and if > 1 then Z{u) > \\u\\. Thus, the set {u : Z{u) < t} is bounded 
in W^{Q) and sequentiahy compact since the space is reflexive. The direct 
method of variational problems implies the existence of the minimizer. If X 
is convex, one can show that the minimum is unique. □ 

3.1. Yosida transforms and distance in J^. For F ^ T the e— Yosida 
transform is the functional TsF{u, il) : L$(il) x — )• M defined by 

TsF{u,n)= inf {F{v,n)+e~^\\u-v\\L,,(n)} 

Proposition 3. For every F £ F and u € L^{Q,), 

lim T^F{u,n) = supT^F{u,n) = F{u,n) 

Proof. See [10], proposition 1.11 □ 

The e— Yosida transform can be used to define a metric in F so that the 
metric space {F, d) is compact and the map F — )• min„gx F{u) is continuous 
with respect to the metric. For this purpose, we pick a countable dense 
subset W = {wj} of and a family B = {Bk} of open bounded 

subsets of M". 

Let F, G G J" and /i : M ^ M, we define 

oo 

(3.6) d{F,G)= __^|/j(ri/,(F(^i;,,i?fc^ 

i,j,k=l 

To show that d is a distance in F, it suffices to show that if d{F, G) = 0, 
then F = G. 

4. F-CONVERGENCE IN ORLICZ SPACES 

The next step is to show that (J-", d) is compact, thus separable and com- 
plete. The notion of F— convergence will be introduced for this purpose. 

Definition 1. Let X be a metric space and F„ : X — )• M a sequence of 
functionals on X. We say that Fn F(X)— converges to the F(X)— limit 
F : X ^ M if the following two conditions hold: 
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• F{x) < liminf for every sequence x„ converging to x as 

n— >oo 

n ^ oo 

• for every x £ X, there is a sequence Xn converging to x as n ^ oo 
such that F{x) > hmsupF„(3;„) 

n— >oo 

In this case we write F{x) = T{X) lim Fn{x). 

n— >oo 

We adopt the definition of F— convergence for functionals in IF and u G 
L$(il) and we denote the limit by 

r(L$) lim Fn{u) = F{u) 

n— >oo 

Proposition 4 (Main F— Convergence result). The class T is compact for 
the r(L$) convergence, i.e. every sequence {Fn} inF contains a subsequence 
that T{L^)— converges to a functional F € F. 

The proof of proposition 4 will be a consequence of the following results: 

Proposition 5. Let {X,d) be a separable metric space, and for all j € N let 
fj'.X^Mbea function. Then there is an increasing sequence of integers 
(jk) such that the T{d) — lim/jj, exists for all x € X. 

Proof. See chap. 8. □ 

Note that if the A2— condition is satisfied the Orlicz space is separable |16j . 
In the following definition, ^(j4) is the family of all open subsets of A C M". 

Definition 2. A function a : A{il,) [0, 00] is called an increasing set 
function if a(0) = and a{A) < a{B) if ^ C i?. An increasing set function 
is subadditive if a{A U B) < a{A) + a{B) for ah A,B C A{Q). Finally, a is 
called inner regular if 

a{A) = sup{a{B)\B eA,Bcc A} 

4.1. An Integral representation for F— limits. We recall that a function 
u € is piecewise affine in Q, if there is a family of disjoint open subsets 

of fl and a set N C with |A^| = such that 17 = (UiG/ U ^ u^q. 
is affine in Oj. We have the following density result. 

Proposition 6. For every u € W^{Q) there exists a sequence Uj G W^{^1) 
of piecewise affine functions such that uj u in W^{^). 
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Proof. Applying theorem 2.1 of we can find a sequence {uj} € (7(^^(17) 
converging to u in W^{Q). Furthermore, by proposition 2.1, chap. X of [13j, 
for u £ Cq^{Q) there is a sequence {uj} of piecewise affine functions so that 
Uj — )• u and Duj Du uniformly in Q. Then, since uj E W^(r2) and the 
uniform convergence implies that 

<!>{\uj - u\) + <!>{\Duj - Du\) dx^O 

a diagonal process gives the desired sequence. □ 

We are in position to state and show an integral representation result for 
a class of functionals in the Orlicz space. 

Theorem 4. Suppose that F : L$(r2) x ^ — [0,oo) be an increasing func- 
tional satisfying the following assumptions: 

(1) F is local, i.e. F{u,A) = F{v,A) for all A £ A and u,v such that 
u = V a.e. in A; 

(2) F is lower semicontinuous; 

(3) F{u + c,A) = F{u,A) for every ueLq,{9.), c^W 

(4) there is constant /3 > and a function a{x) € such that 

< F{u, A) <I3 a{x) + ^{\Du\) dx 
J A 

for all ueWliQ), Ae A{n) 
Then there exist a Caratheodory function / : x R" — )■ [0, oo] such that 
(i) for every u G L<j,(r2), 



F{u,A) = / f{x,Du{x)) dx 
J A 

(a) f(x, •) is convex for every x E and it satisfies 

< f{x,p) < a{x)+^{\p\) 

Proof. The proof, in general, follows the steps with the proof in the case of 
Sobolev spaces [8] with a few differences. 

Step 1 We define the linear function Up{x) = p ■ x and use assumption (4) 
of the theorem to claim that F{up, •) is continuous with respect to 
the Lebesgue measure. Thus there is a density function 

f{x,p) = hm — i^-T^Ti — 
p^o+ \Bp{x)\ 
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in Lj'^^,(Q) such that 



F{up,A) = / f{x,p) dx 
J A 



for A e A. One can show that the representation (i) holds for every 
piecewise affine function. 
Step 2 It can be shown that f{x,-) is convex on R": 

f{x,p)<tf{x,pi) + {l-t)fix,P2) 

for all t G [0, 1], pi p2 with p = tpi + {l- t)p2. 
Step 3 The map 

I f{x,Du{x)) dx 
J A 

is continuous with respect to the W^{Q.) convergence. Let u G 
W^{Q,) and A e A. Applying proposition 6, for A' C A there ex- 
ists a sequence Uj of piecewise affine functions such that Uj ^ n in 
W^{Q,). By the lower semicontinuity of F we have that 

F{u,A') KliminfF {uj, A') = \im / f{x,Duj)dx= / f{x,Du) dx 

Taking the limit A' A, we obtain F{u,A) < / f{x,Du) dx for 

J A 

all u G Wl{n) and A e A. 
Step 4 Fix V € W^{Q,) and define the functional 

W{u, A) = F{u + V, A) 

It is straighforward to see that G satisfies assumptions (1) — (3) and 
(4) can ve verified with the computation 

< W{u, A) = F{u + v,A) < J a{x) + <P{\Du + Dv\) dx 

b{x) + mDu\) dx 



< 



I A 

where h{x) = a{x) + 2l^~'^(^{Dv\) € V-{VL), (3 = logs A;. Thus, from 
step 1, we can find a measurable function g : Q x M" such that 



W{u, A) < g{x, Du) dx 
J A 
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for all piecewise affine functions u € VF^(O) and A £ A. It follows 
that the map u /^^(a^, Du) dx is continuous in W^(ri). For A' C 
A there is a sequence of piecewise affine functions (f„) converging to 
u in W^(fi) so that step 1 together with the last inequality give us 

/ g{x,0) dx = W{0,A') = F{v,A') 

J A' 

< / f{x,Dv) dx = lim / f{x,Dvn) dx = lim F(vn,A') 
J A' J A' 

lim W(vn — V, A') < lim / g(x, Dvn — Dv) dx = g(x, 0) dx 

n— >-oo n— >-oo J j^i J j^i 



A' Awe get F{v, A) = f{x, Dv) dx. 

J A 



so as , 

Ja" ^ ' 

□ 

4.2. Uniform Estimate. To proceed to the compactness for integral func- 
tionals, we need to prove some properties of the F— limit as a set function. 
We do that by elaborating a method of joining sequences of functions so that, 
from the knowledge of the minimizing sequences for F{u,A) and F{u,B), 
we can obtain an estimate for F(u, A U B). We need the following lemma. 

Lemma 3. Suppose U,U',V G A{A) with U' dd U and let u G Wl{U), 

V G VF^(y). Then for every cutoff function (j) G Cq^{Q) between U' and U 
(i.e. spt0 C [/, < < 1, = 1 mC/'j we have (i)u+{l-(i))v G Wl{U'\JV). 

Definition 3. Let F : L$ x O — )■ R be a functional. We say that F satisfies 
the fundamental estimate if for every U,U',V G A{A) with U' CC U 
and (T > there is Mg- > such that for all u,v E there exists a 

cut-off function ^ between U' and U such that 

(4.1) F{(f)u + {l-(())v,U' UV) 

< (1 + a){F{u, U) + F{v, V)) + M, f ^{\u - v\) dx + a 

J{uc\v)\u') 

The same definition holds for a family {-Fn}n>o if iii addition there is no 
such that for all n < no the last estimate is valid uniformly. 



This definition corresponds to the definition of I^— fundamental estimate 
for functional defined in LP spaces. 
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Proposition 7 (Uniform estimate). The family T{cj,cj,^) satisfies the 
fundamental L^— estimate uniformly. 

Proof Pick F e T{cj,cj,^) and let U,U',V G A{A) with U' CC U. Let 
5 = d{U', dU) and take parameters 0<ry<5, 0<r< S—rj. Choose a cutoff 
function (f) between the sets {x : d{x, U') < r} and {x & U : d{x, U') < 
r + vi] with \D(I)\ < 2/??. Define V? = {x eV -.r < d{x, U') < r + r]}. 
Let u,v e L$(fi). Then 

F{u(t) + (1 - (j))v, U' U V) 

= f{x,(pDu+{l-(l))Dv + {u-v)D(p) dx 

Ju'uv 

= / f{x, Dv) dx + f{x, Du) dx 

J {xe.V:d{x,U')>r-^'n} J {xeVVJU':d{x,U')<r} 

+ f{x,(j)Du + {l-(f))Dv + {u-v)D(f)) dx 

< F{v, V) + F{u, U) + ci [ 1 + ^{\(t)Du + (1 - (l))Dv + {u- v)D(j)\) 
= V) + Fin, U) + 4 /^__ 1 + * (3l^i^"+(l-^)°'' + ("-'WI) 



<F{v,V) + F{u,U) 



+ feS'^-^c^f / 1 + + #(1(1 - (t))\\Dv\) + $(l(u - dx 



<F{v,V) + F{u,U) 



+ kS^^-^cl [ 1 + ^-dl^ul) + <i>i\Dv\) dx + A;3^"^4(-)'^ / $(|(u - ?;)|) c/x 

Jv;! V J{unv)\u' 

where P = log2 k. To obtain the above inequahties we use assumption (3.2), 
the properties of cf), Jensen's inequality and the fact that the A2— condition 
imphes that ^{Xu) < k\^^{u), for A > 1. Note that from (3.2), 



r c 
c) I 1 + ^{\Du\) + ^{\Dv\) dx < cj\U nV\ + -YiFiu, U) + F{v, V)) 
J unv Cf 
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Then, for all = 1, 2, ... there is /l( G {1, , , , A''} such that 
clk3^'^ I 1 + ^{\Du\) + ^{\Dv\) dx 

Jix€V:^i^<d(x.U')<^} 



2 

< cjkSf^-'j^P nV\+ 4A;3^-il|(F(n, U) + F{v, V)) 

(c}k3^-' 1 « i4l S 
Fix a and choose N > max < — ,—k3'^ ^ >, V = — and r = 

/ -I \ c 

— — so that the constant depends only on U,U' ,V,c^pCj:. This 

implies that the estimate holds uniformly in J^{cj:,c'j, □ 

Using the uniform estimate, one can include boundary conditions to the 
study of F— limits of local functionals. 

Proposition 8. Suppose that {Fn} is a family of functionals defined on 
L$(r2) X ^(A) that satisfy the fundamental L$ estimate as n ^ and let 
(rij) be a sequence of positive numbers converging to zero. If F'{u,U) = 
F(L$) — lim inf j (u, U) and F"{u, U) = F(L$) — lim sup^ {u, U) then 

F'{u, U'UV)< F'{u, U') + F"(n, V) 

and 

F"{u, U'UV)< F"{u, U) + F"{u, V) 
for all u € L$(Q) and U, U', V G A{A). 

Proof. We start by noticing that we can find two sequences {uj} and {vj} 
converging to u in L$ such that 

F'{u,V) =\imm{ FnAuj,V) 
j 

and 

F"{u,V) = \misnvFn,{vj,V) 

3 

Applying the fundamental estimate to {uj} and {vj} for fixed cr > 0, we can 
find Mct, no- > so that for rij < there is a sequence wj = (l)jUj + {l — (pj)vj 
{4>i are cutoff functions) between U' , U such that 

{wj, f/'uF) < {uj, U)+Fn. {vj,V))+M^ [ H\uj-Vj\) dx+a 

J{unv) 
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Since / ^{\uj — Vj\) dx ^ 0, we have 
Junv 

F'iu,UUV) < limmiFniwj,U' UV) 
j 

<{l + a) (lim inf {uj , U) + lim sup F„ . (vj ,V)) + a 
^ j 

= (1 + a)iF'{u, U) + F"(n, V)) + a 

for any o" > 0. The proof of the second inequahty fohows the same steps. □ 

Then one can show that ■),F"{u, •) are increasing set functions. We 
return to the proof of proposition 4: 

Proof of proposition 4- Taking into account the compactness result 10.3 in 
[6] and the above propositions, there exists a subsequence -F/j(„) and a non- 
negative, convex function : M" x M" — t- M such that 

/ f-yix,Du) dx = r(L$) hm 

for each Vl € ^.{A), u € L^{^}). The growth conditions of remain the 
same (because of the lower semicontinuity) so that G •^('^/' *^)' '-' 

Proposition 9. Let £ A and Fn he a sequence in T . Suppose that X is 
a weakly closed subset in W^{Q). Suppose O)} r(L$)— converges to 

a functional F £ F. Let X be a weakly closed subspace of Wq ^(^Tl) and 

ci{x) + p-^clB{\u\) < g{x, u) < C2ix) + P~'cIB{\u\) 

where Ci{x) G L^{i^) and <I> P. Then, 

lim minG„(u) = minG(u) 

where G{u) = F{u, fi) + g{x, u{x))dx. Furthermore, any sequence Un & X 
with Gniun) = minG,i(ii) contains a subsequence that converges strongly in 
L$(r2), weakly in W^{Q) and a.e. in il, to a function u £ X such that 

G{u) = mmG{u) 

Proof. From theorem 3, the functionals Gn,G attain their minimum in X. 
For any sequence such that Gn{un) = min Gn{u), we have that m„ is bounded 
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in VF^(r2) so, up to a subsequence Un,., it converges in L$(0) and pointwise 
a.e. to a function u G W^(0) and 



(4.2) liminf I mm Gn(u) ] = liminf ( mm Gni.(u 

n^oo \ueX J n->oo \ueX ' 

Take a fixed subset B (ZC ^l; if tlie sequence ?x„^ converges to u, the sequence 
Fnj^ r(L$)— converges to F^fc in -B and hence 

F{u,B) < hminf F„^(unj^,S) < hm inf , 

Fatou's lemma gives 

hminf / g(x,Unu) dx > g(x,u) dx 
Jo. Jn 

Combining, we obtain 

F{u,B)+ / g{x,u) dx 
Jn 



< hminf 



Fn^{Uni^,B)+ / g{x,Un^) dx 

Jn 

and hence taking B ^ U yields 



G{u) < liminf {unk) 

n— ^-oo 



Consider now the second term K{u) = / g{x, u) dx and note that Lemma 
1 implies the continuity of K in X. 

We will show that for all e > there is a sequence {vn) in X converging 
to V so that 

limsupF„(v„,ri) < {l + £)F{v,^l) + c£ 

n—^oo 

with c = c(v). Fix e € [0, 1]. Our assumption says that there is a sequence 
{wn) converging to v in L$(0) such that 

F{v,U) > limsupF„('u;„,ri) 

To have that Vn & X, we modify Wn by taking a compact subset B oi O, 
with 



/ {1 + ^{\Dv\)) dx < e 
Jn\B 
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and sets rii,02 with i? C Oi C O2 C il. Applying proposition 6, one can 
find M > and cutoff functions ^1, ^2, of C^{Q,2) between the sets 

Hi, $^2 so that 

min Fn{4>iWn + (1 - (l>i)v, ^) 
l<i<k 



< {l+s)[FniWn,n) + Fn{v,n\B)] 



+ e 



/ ^{Wn) dx+ + 1 +M ^{Wn - v) 

Jn Jn\B Jci\B 



dx 



for n € N. If we denote by in the index at which the minimum is attained 
and define = 4'i„'>JJn + ~ 4'i„)v & X then converges to v in X. FinaUy, 



<(! + £) 



lim sup Fn{wn,^) + C {1 + ^{\Dv\)) dx 

n->-oo Jci\B 



+ e 



2 / dx + 1 



< {l + e)F{rj,n)+cs 
which completes the proof. 



□ 



In our previous discussion, the function / may be taken in the form 
f{x,z,p) instead of f{x,p). 

The following theorem shows the connection between the distance d and 
the F— convergence. Together with proposition 4, it shows that (J^, d) is 
complete. 

Theorem 5. Suppose that {Fn}n>o is a sequence in T and F^ G T . The 
following conditions are equivalent: 

(1) lim = 

(2) r(L$) hm {Fn) = F^ 

n— >cxD 

(3) lim {T^Fn){u,i\) = (T,F^)(u,n) Ve > 0, u G L<j>, O G A(A) 

n— >-oo 

Corollary 1. The map mQ,xg{F) = min J{u,Q) is continuous on {T,d) 
forne A{A), X c w^in). 
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5. Random functionals and the ergodic theorem 

We denote by (5, S, P) a fixed probability space wlierc S is tlic cr— algebra 
on S and P is the probability measure. A random functional is a measurable 
function F : S ^ J- when J-" is endowed with the field generated by the 
distance d. The image P{F^^{S)), S € S5 is the distribution law of F. If 
F and G have the same distribution law, we write F G. 

For 2; G we define the translation operator by 

(5.1) {t^F){u,VL)= I f{x + z,Du)dx 

Jn 

and for £ > the homothety operator by 

(5.2) {PsF){u,n) = [ f{-,Du) dx 
Note that, since the integrand is independent of u, 

{T,F){u,n) = F{T,u,T,n) 

where Tzu{x) = {x — z), = {x G : a; — z G 0} and 

p,F{u,n) = e''F{p,u,p,n) 

where p^u = ^u{ex), p^Q = {x G R" : ex G O}. If F is a random functional 
then both the translated and the homothetic functionals are also random 
functionals. 

A stochastic homogenization process is a family of random variables {F^)e>o 
that has the same distribution law with the random functionals p^F. 
For F e u E L^{U), we consider the Dirichlet problem 

(5.3) m{F, uo,n) = min{F(n, Q) : u - uq e W^^in)} 

Let Qi/e be the cube 

Qi/e = {x eMJ" : \xi\ < l/e,i = 1, .., n} 

with volume (2/e)"'. We denote by Ip = p-x the linear function with gradient 
p. The main theorem of this section is the following: 

Theorem 6. Let F be a random integral functional and define F^ = PeF. 
Suppose that TzF = F{tzU,TzA) and F have the same distribution law. 
Then the family F^ converges P— almost everywhere as e 0'^ to a random 
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integral functional Fq. In addition, there is a set S' C S of full measure 
such that the limit 

M^,P) = lim rr: . 

e^0+ \Ql/e\ 

exists for all a; € 5' and 

FQ{u,n) = / fo{uJ,p) dx 



fo{p) = lim, 



n 

Moreover, if F is ergodic, the integrand /o is independent of uo and 

m{u,lp,Qi/^) 

e^^O+Jn \Qi/e\ 

for all p G M", e > 0. 

We give a sketch of the proof which can be found in pjj. We need the 
following results. 

In [9j , the question of determining an integral functional by the knowledge 
of their minima was studied. In particular, suppose the numbers 

m(u, Ip, fi) 

are given and that we have a family of subsets {Ap}p>o of which shrinks 
nicely to x as p — t- 0^ . This means that the following density- type inequali- 
ties are satisfied: 

ApCB{x,p) \Ap\>c\B{x,p)\ 

where B{x, p) is the ball centered at x of radius p. The following theorem 
holds 

Theorem 7. Suppose / : O x M" — )■ M satisfies the assumptions of section 
3, (3.1) and 

4>i{p) < f{x,p) < Mp) 

for all {x,p) € (il X M") where 4>i, 4)2 are convex in p and 

r Mp) 

lim — — — = oo 

IpI^oo \p\ 

Then there is a measurable subset N C R" with lA^I = such that 



f{x,p) = lim 



m{u,lp,Ap) 



p^o+ \A 
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for all p £ M", X G M \ and every family {Ap}p^Q shrinking nicely to x as 

A function /i : ^ ^ M is called subadditive if for every finite and disjoint 
family {Ai)i(zi with \A \ Uig/^i| = 0, 



We say that /u is dominated if < fJ-{A) < C\A\ for all sets A. Con- 
sider now the family of dominated, subadditive functions and the group of 
translations {Tzfj,){A = fi(TzA), where t^A = {x € M" : x — z G A}. 

Theorem 8. (Ergodic) (see f^, fWf ): Let ^ : 5 — > M" 6e a subadditive 
process, periodic in law, in the sense that and Tz^{-) have the same 
distribution for every z G Z". Then, there exists measurable function (p : 
S R and a subset il' C of full measure such that 



exists a.e. uj (z S' and for every cube Q C M". Furthermore, if fj, is ergodic 
then (j) is constant. 

We return to the proof of theorem 6. 

Proof. For fixed p G M" and for w G 5 we define 

fip{LL!){Q) = m{F{Lj),lp,Q) 

which is a measurable map, since m{-, Ip, ^l) is continuous in For z G Z", 

{T^^ip){uj){n) = mp{uj){T^n) 

= min{(r^F)(tj)(r_2M, Q) : t^^u - T_Jp G Wq $(17)} 

= mm{{T,F){Lo){v + lp{z), n) : v - Ip e W^^in)} 



t^iA)<Y^f,{Ai) 



lim 

t—^oo 



\tQ\ 



u 



and 



{t,F){lo){v + lp{z), n) = {T,F){io){v, Q) 



since the integrand is independent of u. Thus 



{T^fip){uj){n) 



m{{T^F),lp,9) 



Jim = (/)p(a;) 
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which shows that jip is periodic in law. Applying theorem 4, there exists 
measurable function cf) : Q, ^ R and a subset $7' c of full measure such 
that 

fip{u;){tQ ) 

f-^5i> \tQ\ 

exists a.e. oj e^l' and for every cube Q C M". Let 

MoJ,p) = hmsup -— 

We observe that the convexity of F in u says that the functions 

are convex and equibounded. Hence, /o is convex in p and 

Furthermore, 

Mp(a;)(tQ) = rm((/9i/tF)(a;),Zp,Q) 
so that, since peF = F^, 

m(F{(jj),lp,Q) 

i'SV \Q\ = ^°("'^) 

for each cube Q, p & M", co G <S'. Fix uj € S'. Corollary 1 and proposition 
4 tell that there is an integral functional Fo{uj) G T such that -^^(w) F— 
converges to Fo{u!). Then we are in position to compute the integrand of 
Fo{uj) since, from theorem 7 there is a subset N with |Ar| = such that 



go{uj,x,p) = lim 



m{Fo{uj),lp,Qp) 



P-^o+ \Qp\ 
hm hm ^i^^i'^yM 



/^p w (-Qp) 
= hm hm = /o(w,p) 

for al\xeW\N,pe W so that 

Fo(ii,ri) = / fo{ui,Du) dx 
Jn 

Note that if F is ergodic, Hp is constant. □ 
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Remark 1. The last proof is derived in [lOj under the assumption that the 
integrand is independent of u. If the integrand depends on u, i.e. / = 
f{uj,x,u,Du), we can consider the function 

fu{uj, X, Du) = f{ijj, X, u, Du) 

and apply the last proof to see that 



and from the last limit, 

foiuj,u,p) = /o,«(a;,p) 

The abstract form of this theorem can be applied to obtain homogenization 
results over random structures for partial differential equations defined in 
Orlicz-Sobolev spaces. 

5.1. Examples of random functionals. An application of theorem 3 is 
the case of random two-phase domains. Such domains can be obtained for 
instance from the realization of Poisson processes. Construction of random 
domains has been studied in [T3], using the connectivity function of contin- 
uum percolation theory |19] . In particular, we take a Poisson process X with 
density A > and we consider the realization X{oj) of the process in a given 
domain Q C M", for some a; G 5. A connection function g : — > [0, 1] 
connects two points xi,X2 € X with probability ^dxi — X2I), where | • | 
denotes the Euclidean distance. Suppose that a; is a given realization for X 
which is locally finite, i.e. a finite number of points hits every compact set 
K C almost surely: 



where xp{-) is a counting measure. Let Xi G X he a given point of this 
realization. 

Consider the annulus A = {x G M" '■ ci < \x — Xi\ < C2}, where ci, C2 are 
positive constants with ci < C2. 




for all oj e S', p e M". Hence, 




P{uj G n : ^{K) < 00 for all compact K (ZW) = l 
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We connect the point Xi with ah the points in A that are given from X. 
For this purpose we choose the connection function 



g{\x-Xi\) 



1 ii ci < \x — Xi\ < C2 
otherwise 



For a point Xj G A, we denote by lij{oj) = l{xi,Xj) the hne segment with 
endpoints Xi,Xj and let Tc^/2{kj){^) the tube of radius ci/2 surrounding 
lij. Let now T{xi){uj) = UjTc^/2{lij){oj) and G{uj,ci/2) = UiT{xi){oj) for all 
points Xi of the process. 

Thus, the set G{uj,ci/2) is the union of random tubes obtained from the 
given realization of the point process. Let Q,{uj,ci/2) = R"- \ G{oj,c\/2). 

We define the indicator function 

a{u, x) = l- mm{Xf (^_ci/2), 1} 

which is zero in the union of tubes and one elsewhere. 

Let O be an open, bounded domain of and consider the random 
functional F{(jj){u,Vl) = I a{u!,x)f{u;,Du)dx = / f{oj,Du)dx for 

u G W^{Q). This functional is periodic in law and independent at large dis- 
tances, thus crgodic. Furthermore let {pi;F){u, A) = e"'F{p^u, p^A) where 
{psu){x) = -u{ex), (peA) = {x €W : ex e A} 
Then the family 

F^u,n) = PeF{u,n) 

satisfies the assumptions of theorem 3. Note that the pg— homothctic func- 
tional is the functional obtained if we scale by e the distance between the 
connected points of the set F[lo, ci/2) that corresponds to the union of tubes 
eF = F{euj,eci/2), where eoj maps to the point measure whose support is 
{exi} and {xi} is the support of X{uj). Also, the scaling properties of this 
model are the same (in terms of distribution) with the model that we have 
if we choose 



9e{\x 



( 

1 if C\£ < \x — xA < C2£ 



otherwise 

with density function X/e. Let us define G^{uj) = eG = G{eoj,eci/2) and 
n'{uj) = en{uj) =W\ G'{uj). 
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We may also model a domain perforated with balls at random positions 
but nonintersecting. Instead of constructing tubes, we let every point be 
the center of a ball with radius p{uj) < mind(xj, where the minimum 

is taken over all the pairs of points x of X{ui). Note that, without any 
affect to our proofs, we may assume that p{oj) is identically distributed 
random variable taking maximum value min d{xi, Xj){uj) / A. We consider for 
simplicity the first case. According to this construction, we obtain a domain 
randomly perforated with balls of radius and with minimal distance between 
them. Finally, we define 

G%uj) = [j B{ep{u),exi) n ^ and f]^ = n\ G^{u). Note that 

measG^(a;) tends to zero as e — >■ 0. 

6. Application to homogenization problems 

6.1. Homogenization of pde's with generalized growth conditions. 

We study the homogenization of the Dirichlet problem 

(6.1) 

div^(x,«^D«^) + B{x,u^,Du^) = f{x) in - G WIq{9.^) 

where Vt^ = Vt^{ijj) is a randomly perforated domain (as in section 4.1 for 
instance), = O \ G*^, G to be precisely defined below. We assume that 
the following structure conditions hold: 



(6.2) p-A>\p\g{\p\)-a^g[^-^y-^-a2 



(6.3) \A\<a^g{\p\) + aigi^^^+a^ 

where ai, 02, 03, 04, 05 are nonnegative constants and y is a G^ function 
satisfying 



(6.4) 5<^l^<g^iit>Q 
for some (5 > 0. 
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We define G{t) = / g{s) ds. It can be shown [T7] that G is twice 

^0 



differentiable, convex function and it satisfies 



(6.5) < G{t) < tg{t) if t > 0, 
(6.6) 

(6.7) g{t) < g{2t) < 23«5(t) if t > 0, 

(6.8) ag{b)<ag{a) + bg{b)ifa,b>0 



The smoothness of solutions for the equation (5.1) under the above struc- 
ture conditions have been derived in [17]. 

If in addition tg(t) < C for t > 0, (5.5) implies that G satisfies the 
A2— condition. To see this, note that from (5.5), 

c g{t) a it) 



and consequently 



I.e. 



G{2t) < 2^G{t) 

Thus, G S A2 with k = 2^. The additional assumption tg{t) < C is also 
included in |17j [Lemma 2.1] to derive L°° estimates for the solutions. 

We denote by Wq{Q) the Orlicz-Solobev space as defined in section 2.1. 
We seek the asymptotic behavior of the family as e — )• in the general 
variational form 



(6.9) 



inf I J f{x, u^ Du') dx:u' -uoe VFo,g(^^)| 
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where uq € C^{Cl), f{x, u,p) is a measurable function defined in x M x M", 
continuously differentiable with respect to u,p and satisfies 

(6.10) CiGi\p\) - C2G{u) < f{x,u,p) < Csil + G(n) + G{\p\)), 
(6.11) 

\f{x,u,p) - f{x,v,q)\ < C4{l + g{u) +g{v) + g{\p\) + g{\q\)){\u - v\ + \p - q\), 

n 

(6.12) f{x,u,p) - f{x,u,q) - ^fq,{x,u,q){pi - qi) > 

i=l 

with fp^ = Ai, fu = B. 
Theorem 9 ( [T7]). Suppose that g satisfies (5.4) 

(6.13) p-A> \p\g{\p\) - aig{\p\)\p\ - 02, 

(6.14) \A\ < a3g{\p\) + a5, 

(6.15) \B\ < bog{\p\)\p\ + h 

for X € r2^, \z\ < M. If u'^ e n Wq solves Lu^ = where 
Lz = div A{x, z,p) + B{x, z,p) 
with \u'^\ < M in 0^. Then is locally Holder continuous with 

osc < C f 4) ( + xR 



RJ \B 



for a > 0, C = C{a3,boM, gQ,n, 6) and concentric balls Bp, Br in O^, 
0< p<R<l. 

6.2. Passing the limit. In this section, we improve the homogenization 
method of [TSj. For the convinience of the reader we present it explicitely. 
Taking uq G C^{Q) and using the smoothness of the solution from the last 
section, we can extend to O by taking u"" = uq in \ . We keep the 
notation for the extended function. Then, 



and hence, the family is compact in C°'{Q) and weakly compact in Wq{Q,). 
Thus, we can extract a subsequence, still denoted by that converges 
weakly to a function u G C"(i7) n Wq{^}). 
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We denote by Qf^ = Q{x, h) the cube centered at x of size /i > and we 
define the function 

(6.16) R{x, ^;^ Vv^) = f{x, 0, Vv") + h-^-^G{v' - b) 

where 7 is a positive parameter. We also define the capacity-type func- 
tionals 

(6.17) cap fiio, X, e, h,b) = ini / /(x, 0, Vf^) 
and 

(6.18) cap(w,x,e, /i, 6) = inf / R{x,v^ ,Vv^) dx 

where the infimum is taken over the set {v"^ € Wq{Q) : = in \ OF}. 
Note that theorem 3 shows that the limit 

c&pf{uj,x,e,h,h) 
iim hm ; = cix) 

exists for every point x S $7. In addition, since our functionals are inde- 
pendent at large distances, the ergodicity implies that the limit c(x) = cq is 
constant. The continuity of shows that the integral / G{v^ — h) dx 

can estimated in terms of / GdVw^l) dx (see also [20j for Poincare 

type inequalities) times a factor h^^^. 
Let us also consider the limit 

^.^^.^cap(^,x,e,fe,6)^ 

Furthermore, we assume that for every x G ri, 

cap( CO, x,e,h,b) ^ /i,inm,i 
hmsup ,y < C 1 + 5 & ft 



Theorem 10. The (extended) family of minimizers o/(5.9) converges weakly 



to the minimizer u G C"(il) n Wq{Q,) of 



(6.19) ™^ I y /(^' ^' -^^) + '^o('" - ^0) c^a; : tt - 1*0 € Wq (^(il)| 

Proof. We consider a partition of with cubes = Q{x",h) centered at 
x" of size /i, so that UaQ{x" ,h) is a cover of Q and the points x" form a 
periodic lattice of period /i — r, r to be chosen. Consider a partition of unity 
{(pa} of functions such that 
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(1) 1 

(2) (Pa = a X ^ Q^, (Pa = I a X e \ Up^aQ'^ 

(3) Y,Mx) = 'i-,iixeD 

(4) |V0«| < C/r 

Let us denote by Va = the minimizer of (6.9) in the cube centered at 
with b = ba- 

From the last assumption and (6.10), 



and 



[ G{\Vva\) dx = 0{h^) 

[ G{\Va - 6a|) dx = 0(/l-+l+^) 



We denote by Q'^ = Q'^ \ Up^LaQh concentric cube centered at x" of 
size h = h — 2r. Then, 



So, 



/ R{x,Va,VVa) dx 

= / R{x,Va,Vva) dx — / R{x,Va,Vva) dx + 0{rh"'~^) 
JQI JQl 

< cap(a;, x, h, e, b) — cap(a;, x, h, e, b) + 0{rh'^~^) 

/ R{x, Va, VVa) dx = o{h^) 



which imphes that 



(6.20) / G{\Vva\) dx = o{hP) 

(6.21) / G{va - ba) dx = o(/i")/i^+T 

Note that these relations imply that the local limit 

cap(a;,x,e,/i,6) 
lim lim ; = c(x, b) = co(b) 

exists. 

Consider a function w e (Jl) such that w = uo on and denote by 
the set of the cubes that cover J7 such that \w{x) — f{x)\ > 9 for 9 > 0. 
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We set ha = w'lx") - for each G Kq and = 1 for ^ Kq. For 

each cube , we define the set 

(6.22) i3"(5,£,/i) = {x&Ql: sgnt, < - 5} 
and the function 

if X G e"((5,e,/i) 
bi = -(5)sgn6« if x G \ e, /i) 

with < 5 < 0/2 <C 1. To estimate the measure of B"{5,e,h), observe that 
from our assumption and (5.26), for e sufficiently small, 

G{S) meas H°^((5, e,h) < [ G{va - b^) dx 

< f G{va - ba) dx < 
We set 6 = G-\{h-^-^)-^+^^) for 6i G (0, 1). Then 

(6.23) meas B'^{5, e, h) = 0{h'^)h^^^^^^^ = oihJ") 

as ^ — > 0. For w G C^(J7) supported in J7, consider the function 
wl{x) = w{x) + Y: (^(")-/°(^)) (y^^(,) - 

a 

SO that u;^ — «o G Wqq{Q.'^). Let us denote by 

r[v^] = [ f{x,v',Dv') dx 
and note that since minimizes J^[-], 

To estimate the last inequality, observe that 

< E f{x,wlDw%) dx + Y,l \f{xMh,Dw%)\ dx 

Taking into account the properties of V^, and the convexity of G(-) 
one derives 

('6 24) limlimsup> / \f{x,w\,Dwf^)\dx = 



30 



DIMITRIS KONTOGIANNIS 



Introduce the sets Bf{e,h) = B"{d,e,h) D {Ql n Vl"") and B^{e,h) = 
(Q^nf^^)\Sf(e,/i). Then, 

(6.25) / f{x,wl,Dwl) dx < f{x,w,Dw)dx + o{hP-) 
Furthermore, for G /Cg, we have 

/ f{x,wl,Dwl)dx 

= / f{x, 0, Dvl) dx+ [ fix, wl Dwl) - fix, 0, Dvl) dx 
•JB^{6,h) •JBf{e,h) 

< fix,0,Dv'J dx + ci 5(c2 + C3|V<|) da; 

JB'}{e,h) JB'}{e,h) 

+ Oih) [ G(|V<|)dx 

JB'^ich) 

for constants independent of e, h, 5. Note that the second term on the right 
hand side is of order 0(/i"+^). To estimate the first term consider the subsets 
of Bfie,h), 

(6.26) Bfiie,h) = {xe Bfie,h) : C2 + C3|V<| < m(/i)} 

(6.27) BU^, h) = {xe Bfie, h):c2 + C3|V<| > m(/i)} 

where m(/i) = ih~^~"'Y^^'^ . Prom condition 5 in section 2, 

mih)gic2 + C3|V<|) < (C2 + C3|V<|)5(C2 + C3|V<|) 
<CG(C2+C3|V<|) 

in Bi2is:,h). The convexity of G and (6.27) give us 

(6.28) / 5(c2 + C3\Vvl\)dx = o(/i") 

JBf^ich) 

SO that 
(6.29) 

/ fix, wl, Dwl) dx< fix, wl, Dwl) dx + cap(w, x", £, h, ha) + o(/i") 

for cubes G /C^t. Similarly we can obtain this inequality for ^ /Cg. 
Letting e ^ 0, /i ^ and finally — >■ 0, we obtain 
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(6.30) lim lim sup < J^q (w) 
and hence 

(6.31) lim J^[n^] < Jco(w) 

for all w E C^i^l) and hence for all w G Wq(^\ with Jcoiu) being the 
functional in (5.23), which is continuous in Wq{Q). 

To prove the lower bound, we will use the following lemma 



Lemma 4. Suppose w € Wq{Q) with \\w\\qq < 1. Under the assumption 
of theorem 8, there exists a sequence G Wq{^) with = in VL\^^ 
converging weakly in Wq{^) to w and, for sufficiently small e, satisfies 

l|W^'llG,Q<A(|k||^,n) 
for some continuous nonnegative function A with lim A(t) = 0. 

Now let u G Wq{^) be a weak limit of a sequence of solutions of (5.9) 
extended by ug in 17 \ $7^. Given 6 > we pick a function us G C^($7) such 
that 

(6.32) \\us - u\\};^Q < 6 

From lemma 4, it follows that there exists a sequence {WJ} converging 
weakly to us — u. We define ii| = + so that, as e — 0, n| ^ us and 
ti| = mq in 17 \ Then, 



lim lim sup — u'^Whn = ^ 



that leads to 



lim lim sup | J^[ii|] - J^K]| = 



The continuity of Jc„ implies that it suffices to show 
(6.33) lim Jcoiu''] > Jcoiu] 

To prove (6.37), we introduce the sets 
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where 

nf = {cen: ±{us - uo) >e} nf = {u,g^ --Qt^^e} 

Since us is smooth, 

Hm meas[r25 \ = 
The hmit of the capacity functional implies that 

mcas[G= n Q^] = 0(/i")/i^+^ 

for sufficiently small e > so that 

meas[G^] = o(l) 

We write [tt|] in the following way: 

J'm= f f{x,ulVul)dx 

+ f{x,u%Vul) dx+ I f{x,ul,Vul)dx 

Prom (6.11) and (6.12) we have 

f{x,ulVuf) > f{x,us,Vu5) 

^ duxi ' ' \dxi dxi J 
-{g{ul) + 2g{\Vul\) + l){\ul-us\) 
The convergence of Ug to us and the last estimation implies that 

limliminf / /(x, u|, Vu|) dx > 

h-^Q 6-H-O jQe\Qe 

Furthermore, 

/ f{x,u%Vul) dx = j f{x,u%Vul) dx- I f{x,u%Vul) dx 



and 



liminf / /(x, u|, Vnf) > / f{x,us,Vus)dx 
Let be a cube in Cl^ and set 



b^'"" = min us - hi 6^^ = max no + hi = 6^'^^ - 6^' 
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for /ii > to be chosen. Now we split the set n 0.^ into the fohowing 
nonintersecting sets: 

ni^ = {xeQtnn^:ul<b^n 
^la = {x G n : < nf < 6r } 

Since ?x| us in the Lc{^), for e > smah enough 

G(nf-n5) = 0(/t-+2+2T) 



/ 



and hence 



Choosing hi = G-Hh^^^), we get meas[r?f„ U = 0(/i"+^+T) We follow 
the steps that we did to show (6.33), to get 

(6.34) liminf / f{x,u%Vuf)dx>l f{x,us,Vus)dx + o{h'^) 

The estimate over r^la follows by introducing the function 



0, 



in OLU(G-UQ^) 



in 0|„ 



Since ?x| are bounded in fila' 

/" fix, u% Vnf ) = / /(x, 0, VO 

+ h-^-^ f G{vl - ha) dx + o(/i" 

so that 

/ /(x, u|, Vu|) dx > cap(a;, x", e, /i, 6q;) + ©(/i"") 

la 

It follows that 



lim inf 



/(x,nf, Vuf) dx> f{x,us,Vus) dx 



+ liminf cap(a;,x",£,/i, 6a) + o(/i") 



34 



DIMITRIS KONTOGIANNIS 



The same inequality can be obtained for C fig so that 

Jco M < Jco [w] 

for all w € W^q{^1). This completes the proof. □ 

6.3. p(x)-Laplace type equations. Homogenization results for the|?(x)— Lapl 
have been studied in [S]. The problem under consideration is 

(6.35) - div(|Vu^|P-(^')-2vn^) + \u^p-^^^-^u^ = f{x) in 0" 

(6.36) li^ = on dn'' 

where Ps{x) is continuous, oscillating function satisfying a modulus of con- 
tinuity \pe{x) — pe{y)\ < S,e{\x — y\) with lim sup ^e(T) ln(l/T) = 0. Such 
equations are defined in Sobolev spaces with variable exponents. Assuming 
certain convergence properties on Pe(-), it is shown that the sequence it^ 
converges in W^''P°^^\n), lirn \\p^ — Pollc{Q) = 0, to the minimizer u of the 
energy functional 

[ 1 Vu|P«(^) + |u|P«(^) + c(x, u) - fu dx 

JnPo{x) po{x) 

c{e, h, z, b) 



where 



c{x, h) = lim lim 



and 



c(e, h, z, h) = inf / _-|Vn|P-(^) + h'^-^ {\v^ - + \v^ - 6|p»(^)) dx 

JQI Pe{x) 

Proceeding as in the proof of theorem 9, one can show the existence of 
the capacity limits, assuming appropriately modelled perforated domains in 
which the ergodic theorem is valid. A setup of F— convergence in Sobolev 
spaces with variable exponent and the integral representation of variational 
functional (see [7]) would produce similar homogenization results as long 
as theorem 4 is proved. 
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